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Abstract. We apply the Gauss–Codazzi formalism to brane-worlds within the framework of Brans–Dicke
gravity. The compactification is taken from six to five dimensions in order to formalize brane-world models
with hybrid compactification in scalar tensor theories.
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1 Introduction

Advances in the establishment of string theory point to
a multidimensional world [1]. This claim, from among
other problems such as the hierarchy one, originated
several works in which our universe is understood as
a membrane (the brane), or a submanifold, embedded into
a higher dimensional spacetime (the bulk) [2–9]. In the
main compactification of M-theory there is a quite inter-
esting symmetry of the orbifold topology, which is given by
the Z2 discrete group. From the point of view of gravity,
this symmetry provides a simple solution for the extrinsic
curvature on the brane and enables the full construction
of the Gauss–Codazzi formalism for a brane-world with
one extra noncompact dimension [10]. This symmetry is
also useful to analyze chiral fermions on the brane [11].
However, it is no longer a necessity in both problems. In
the brane-world domain, there is a generalization of the
Gauss–Codazzi formalism without a Z2 symmetry [12],
and it seems that index theorems can lead to a good
approach for the chirality problem. In other words,Z2 sym-
metry seems to be desirable but not indispensable.
On the other hand,Brans–Dickegravity [13] is part (just

by a relabeling of the Brans–Dicke parameter1 w [14, 15])
of gravity recovered from string theory at low energy. In
such a framework, recent advances using cosmic strings as
topological defects to generate the compactification [17, 18]
suggest that the resultant setup can be given in terms of
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1 In fact, such duality depends on the specific compactification
scenario, see [16] for instance.

a hybrid compactification scenario, i.e., when there is a non-
compact extra dimension in the bulk and, at the same time,
a compact one on the brane. So, in this picture we have
compactification from six to five dimensions, where there is
a small compact dimension S1 at each point on the brane.
This type of scenario is potentially interesting, because it
can provide a good approach to explain the hierarchy prob-
lem, due to the hybrid compactification, and it also suggests
a candidate for dark matter. However, this last claim needs
further investigation in warped geometries.
As we mentioned above, the Brans–Dicke theory has a

close relation with low energy gravitation recovered from
string theory. Besides, the scalar field opens a new possibil-
ity in the scale adjustment of the Higgs mechanism. Apart
from this, a rigorous formulation of brane-world models
needs to treat the brane as a gravitational objectwith a non-
zero tension. It is a requirement for the study of gravita-
tional systems, as black holes for instance, on the brane. Of
course, the presence of the new scalar field in the bulk can
also bring new possibilities in such systems. In this vein,
themanipulation and extension of the usualGauss–Codazzi
formalism to scalar tensorial theories is quite necessary. It
was done to brane-worlds in usual general relativity [10],
but the additional scalar field turns the manipulation of the
equations more complicated and, as we will see later, intro-
duces important differences in the final result.
This work is an attempt to establish the Gauss–Codazzi

formalism for this kind of model. As we will see, the Brans–
Dicke scalar field plays an important role in the effective
cosmological constant on the brane, as well as in New-
ton’s constant. In a few words, this work is a generalization
of the Gauss–Codazzi equations for Brans–Dicke theory
going from six to five dimensions inspired by the results
found in [17, 18] and motivated by the above reasons. The
paper is organized as follows: in Sect. 2 we apply the Gauss
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and the Codazzi equations for the brane-world in question
and relate the Einstein equations on the brane with some
bulk quantities using Z2 symmetry, in a similar fashion
as [10]. In the last section we conclude by calling attention
to the next step of this program, which is working with-
out Z2 symmetry. In the appendix we show the matching
condition for Brans–Dicke theory.

2 Gauss–Codazzi in the Brans–Dicke theory

We treat the brane as a submanifold, in five dimensions,
out of a six dimensional manifold. It is important to remark
that one of the five brane dimensions is compactified into
a S1 topology, so it is a codimension one scenario. The im-
portance of this fact is that in higher codimension models
the Gauss–Codazzi formalism is no longer useful,2 since we
need some minimal regularity near the brane in order to
implement it [19, 20].

2.1 Notation and conventions

Basically we follow the notation and conventions used
in [10]. The covariant derivative associated to the bulk is la-
beled by ∇µ, while the one associated to the brane is Dµ.
The induced metric on the brane is given by qµν = gµν −
nµnν , where nµ is the unitary normal vector to the brane.
In terms of this, the Gauss equation reads

(5)Rαβγδ =
(6)Rµνρσq

α
µq
ν
βq
ρ
γq
σ
δ +K

α
γKβδ−K

α
δ Kβγ , (1)

while the Codazzi equation is

DνK
ν
µ−DµK =

(6)Rρσn
σqρµ , (2)

whereKµν = q
α
µq
β
ν∇αnβ is the extrinsic curvature. From (1)

it is easy to find the Einstein equation in five dimensions in
terms of the bulk quantities. The Ricci tensor is

(5)Rβδ =
(6)Rνσq

ν
βq
σ
δ −

(6)Rµνρσnµn
ρqνβq

σ
δ +KKβδ−K

γ
δKβγ ,

(3)

and the curvature scalar is given by

(5)R= (6)Rνσq
νσ− (6)Rµνρσnµn

ρqνσ+K2−KαβKαβ .
(4)

Then, the Einstein equation is given by

(5)Gβδ =
(6)Gνσq

ν
βq
σ
δ +

(6)Rνσn
νnσqβδ+KKβδ−K

γ
δKβγ

−
1

2
qβδ
(
K2−KαγKαγ

)
− Ẽβδ , (5)

where Ẽβδ =
(6)Rµνρσnµn

ρqνβq
σ
δ .

It is well known that the Riemann, Ricci and Weyl ten-
sors are related among themselves, in an arbitrary number
of dimensions (n), by

(n)Rαβµν =
(n)Cαβµν +

2

n−2

(
(n)Rα[µgν]β−

(n)Rβ[µgν]α
)

−
2

(n−1)(n−2)
(n)Rgα[µgν]β . (6)

2 Apart from the regularization mechanism introduced in [12].

After some manipulation, the term Ẽβδ in (5) can be writ-
ten as

Ẽβδ =Eβδ+
1

2

(
(6)Rµρnµn

ρqβδ+
(6)Rνσq

ν
βq
σ
δ

)
−
1

10
(6)Rqβδ,

(7)

where Eβδ =
(6)Cµνρσnµn

ρqνβq
σ
ρ . In terms of this new quan-

tity (5) reads

(5)Gβδ =
1

2
(6)Gνσq

ν
βq
σ
δ −
1

10
(6)Rqβδ−

1

2
(6)Rνσq

νσqβδ

+KKβδ−K
γ
δKβγ−

1

2
qβδ(K

2−KαγKαγ)−Eβδ .

(8)

2.2 Notation and conventions in Brans–Dicke theory

Now, the generalization to Brans–Dicke gravitymeans that
one express the right-hand side of (8) in terms of the scalar
field of such a theory. The Einstein–Brans–Dicke equation
is

(6)Gµν =
8π

φ
TMµν +

w

φ2

(
∇µφ∇νφ−

1

2
gµν∇αφ∇

αφ

)

+
1

φ

(
∇µ∇νφ− gµν�2φ

)
, (9)

where φ is the Brans–Dicke scalar field, w a dimensionless
parameter and TMµν the matter energy-momentum tensor.
Everything except φ and gravity, is in the bulk. The scalar
equation of Brans–Dicke theory is given by

�2φ= 8π

3+2w
TM . (10)

From (9) and (10) one can find the scalar of curvature
of the bulk, as well as the Ricci tensor. The scalar has the
form

(6)R=
−8π

φ

(
w−1

3+2w

)
TM+

w

φ2
∇αφ∇

αφ , (11)

and the Ricci tensor

(6)Rµν =
8π

φ

[
TMµν −

1

2
gµν

(
1+w

3+2w

)
TM

]

+
1

φ
∇µ∇νφ+

w

φ2
∇µφ∇νφ . (12)

Substituting (9), (11) and (12) into (8) we find the first
step to the generalization of the Gauss–Codazzi formal-
ism to the Brans–Dicke theory encoded in the following
equation:

(5)Gβδ =
1

2

[
8π

φ
TMνσ+

1

φ
∇ν∇σφ+

w

φ2
∇νφ∇σφ

]

×
(
qνβq

σ
δ − q

νσqβδ
)

+
2π

5φ
qβδTM

(
13+27w

3+2w

)
−
7w

20φ2
qβδ∇αφ∇

αφ

+KKβδ−K
γ
δKβγ−

1

2
qβδ
(
K2−KαγKαγ

)
−Eβδ.

(13)
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The Codazzi equation (2) together with (12) gives

DνK
ν
µ−DµK

=

[
8π

φ
TMρσ+

1

φ
∇ρ∇σφ+

w

φ2
∇ρφ∇σφ

]
nσqρµ .

(14)

Equations (13) and (14) summarize this stage. To ex-
tract information about the system, we have to compute
some quantity on the brane, or rather, taking the limit of
the extra dimensions tending to the brane. The extrinsic
curvature is an important tool for the matching conditions.
In order to guarantee sequential readability of the paper,
we derive these equations in the appendix.
The effect of imposing the Z2 symmetry on the brane

(or on each brane, in a multi-brane scenario) is to change
the signal of the nα vector across the brane, and conse-
quently, to change the signal of the extrinsic curvature.
Then, taking (A.14) into account we have

K+µν =−K
−
µν =

4π

φ

(
−Tµν +

qµν(1+w)T

2(3+2w)

)
(15)

and

K+ =K− =
2π

φ

(
w−1

3+2w

)
T . (16)

Plugging (15) and (16) into (13) we have, after some
algebra, the following result:

(5)Gβδ =
1

2

[
8π

φ
TMνσ+

1

φ
∇ν∇σφ+

w

φ2
∇νφ∇σφ

]

×
(
qνβq

σ
δ − q

νσqβδ
)

+
2π

5φ
qβδTM

(
13+27w

3+2w

)
−
7w

20φ2
qβδ∇αφ∇

αφ

+8

(
π

φ

)2[
TTβδ

(
w+3

3+2w

)
−T 2qβδ

(w2+3w+3)

(3+2w)2

−2T γδ Tβγ+ qβδT
αγTαγ

]
−Eβδ . (17)

Note that the values of Eµν and the Brans–Dicke field, as
well as their derivatives, are not taken exactly on the brane,
but in the limit y→ 0±. Now we split the matter energy-
momentum in the form [10]

TMµν =−Λgµν+ δ(y)Tµν , (18)

and

Tµν =−λqµν + τµν , (19)

where Λ is the cosmological constant of the bulk and λ
the tension of the brane. It should be stressed that such a
type of decomposition may lead to some ambiguity in the
cosmological scenario. However, here it can be done and,
actually, it is quite useful to interpret the final result. So,

putting (18) and (19) inside (17) we obtain

(5)Gβδ =
1

2

[
1

φ
∇ν∇σφ+

w

φ2
∇νφ∇σφ

]
(
qνβq

σ
δ − q

νσqβδ
)

+8πΩτβδ−Λ5qβδ+8

(
π

φ

)2
Σβδ−Eβδ , (20)

where

Ω =
3π(w−1)λ

φ2(3+2w)
, (21)

Λ5 =
−4πΛ(21−41w)

5φ(3+2w)

+

(
π

φ

)2[
7w

20π2
∇αφ∇

αφ+
24(w−1)λ

(3+2w)2
[(w−1)λ+ τ ]

]

(22)

and

Σβδ = qβδτ
αγταγ −2τ

γ
δ τγβ+

(
3+w

3+2w

)
ττβδ

−
(w2+3w+3)

(3+2w)2
qβδτ

2 . (23)

Let us analyze (20) in more detail. First of all, we do
not write it in a Brans–Dicke form by the simple fact that
Brans–Dicke theory is not recovered on the brane inmodels
in which the scalar field depends only on the extra dimen-
sion [17, 18]. We shall restrict the analysis to such cases. So
it seems more plausible to look for deviations of the usual
Einstein brane-worlds formulation; something like “effect-
ive” Einstein equations on the brane. The first term arises
from the scalar field contribution and it brings us informa-
tion about the bulk structure. Note that from the point
of view of a brane observer, such a field has no dynam-
ics, since the brane is localized at a fixed y. In the second
term, there is a type of effective Newton’s coupling con-
stant, which depends on the scalar field, as well as on the
brane tension. Since Ω =Ω(φ(r)) the scalar field must be
stabilized in order to guarantee the agreement with usual
gravity on the brane. Artificially it can be understood as
an adjustment of the brane along to the extra dimension,
inducing the right value to the scalar field. Strictly speak-
ing, it should be done by the introduction of a well-behaved
potential in the Brans–Dicke part of the action, see for
instance [16].
As in [10], here we recover the fact that it is not possible

to define a gravitational constant in an era where there was
no distinction between vacuum energy and the usual mat-
ter energy. Besides, the signal ofΩ strongly depends on the
signal of the brane tension. The equation (22) calls our at-
tention to the effective cosmological constant in five dimen-
sions. It depends on the bulk cosmological constant and on
the scalar field; hence it stresses the fact that the cosmo-
logical constant may be variable for a bulk observer. The
penultimate factor is quadratic in the energy-momentum
on the brane and could, hence, be an important part of
cosmological evolution in the early universe (see, for ex-
ample, [21] for the five dimensional case). The last term
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provides more information on the gravitational field of the
bulk, which justifies the inclusion of Weyl’s tensor in the
analysis.
Returning to the first term of (20), inserting (15)

and (16) into (14) and taking into account the split defined
by (18) and (19), the Codazzi equation gives an important
relation between the scalar field and derivatives of τµν :

4π

φ

[
−Dντ

ν
µ +

1

3+2w
Dµτ

]

=

[
1

φ
∇ρ∇σφ+

w

φ2
∇ρφ∇σφ

]
nσqρµ . (24)

As a last remark, we emphasize that the term Eµν ,
which encodes the Weyl bulk tensor, also has a restricted
divergence by derivatives of τµν , as we can see by the con-

tracted Bianchi identities Dβ(5)Gβδ = 0 applied to (20),

DβEβδ =
8π

φ
Dβτβδ−

24π(w−1)λ

(3+2w)2
Dδτ +8

(
π

φ

)2
DβΣβδ .

(25)

Obviously the two last equations can be used to relate the
Brans–Dicke field with the Weyl tensor. However, it could
not be desirable if one wants to work with the extensive
technology developed for the Eµν tensor (see Appendix A
of [10]).

3 Conclusion

In this work we generalized the Gauss–Codazzi formalism
for brane-worlds in a Brans–Dicke gravity framework. It
was done in the context of Z2 symmetry models, which al-
lows us to uniquely determine the extrinsic curvature on
the brane. The main result obtained is (20), which resem-
bles the results obtained for Einstein’s theory, but it brings
about important differences. The Brans–Dicke scalar field
is present in all terms of the right-hand side except in Eµν .
Keeping in mind the first term of (20) together with (24)
and (25), it seems to be almost certain that we will find
shunting lines in the study of gravitational physical sys-
tems on the brane like, for example, the black hole area and
the quasar luminosity [24]. We shall address those ques-
tions in the future.
Two interesting points call our attention in (20). First,

we notice the coupling between the brane tension λ and the
Brans–Dicke parameter w. In the standard formulation of
the Brans–Dicke theory such a parameter can be expected
to be of order of unity.3 By (21) and (22) it is clear that in
the case of w = 1 the effective Newton constant vanishes,
which is a negative result, and there is no contribution of
the brane tension in (20). This type of inconsistence per-
sists in the case without Z2 symmetry [23]. However, we
should stress that it is a possible inconsistence between

3 Meanwhile experiments show that this is not the case. See
for instance [22] for the current lower bound of the Brans–Dicke
parameter.

pure Brans–Dicke theory and brane-world models; but this
is not the case here, since we are using such a theory in
order to mimic low energy gravity recovered from string
theory. The second point is that there is a configuration
of the scalar field in which the induced cosmological con-
stant on the brane vanishes. From (22), assuming that the
bulk cosmological constant is constant, it is easy to see that
Λ5 = 0 if the scalar field has the form

φ(y) =
4BC+Λ2A2(y−D)2

4ABΛ
, (26)

where D is a constant of integration and A = 4π(21−41w)
5(3+2w) ,

B = 7w
20 and C =

24π2(w−1)λ[(w−1)λ+τ ]
(3+2w)2

. We note that Λ5

also vanishes for φ(y) = C
AΛ
. For nonconstant Λ, it is neces-

sary to have the explicit behavior of the function in order
to do a similar analysis. Note that the constant solution for
the scalar field is not of physical interest for this type of ex-
tension. The polynomial solution (26) is not usual in the
sense of models like [17, 18]. However, it is an important re-
sult, since it can say, in the scope of the models in question,
what type of behavior of the Brans–Dicke scalar field can
lead to an effective cosmological constant on the brane.
It is important to notice the results obtained in the

appendix. It is a direct generalization of the matching con-
ditions to the Brans–Dicke case. To conclude, we discuss
a little bit more the role played by the Z2 symmetry. The
model we consider has one compact on brane dimension. It
is also interesting to analyze this type of models without
the Z2 symmetry [12], since without such a simplification
the final equations show a new term, which arises from the
mean of extrinsic curvature; it leads to anisotropic matter
on the brane and then could be useful to interpret the hy-
brid brane-world compactification scenario.
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Appendix: Israel–Darmois matching
conditions to Brans–Dicke gravity

In order to extend the usual junction conditions [25] to
the case in question we use distributional calculus, just
like in [26]. The basic approach is to treat the brane as
a (infinitely thin) hypersurface orthogonally riddled by
geodesics. Denoting the extra dimensional coordinate by
y, it is always possible to choose some parametrization in
which the brane is located at y= 0, in such a way that y > 0
represents one side of the brane and y < 0 the other side. In
this appendix we use the notation

[χ] = χ+−χ− , (A.1)
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where the χ± denote the limits of the χ quantity approach-
ing the brane when y→ 0±. So, it is possible to analyze the
jump of χ through the hypersurface. With the Heaviside
distribution Θ(y) it is possible to decompose quantities at
both sides of the brane. The bulk metric can then be ex-
pressed as

gµν =Θ(y)g
+
µν +Θ(−y)g

−
µν , (A.2)

where g+µν (g
−
µν) is the metric on the right- (left-) hand

side. Note that the Heaviside distribution has the following
properties: Θ(y) = +1 if y > 0, indeterminate if y = 0 and
zero otherwise. Besides

Θ2(y) =Θ(y) , Θ(y)Θ(−y) = 0 ,
dΘ(y)

dy
= δ(y) ,

(A.3)

where δ(y) is the Dirac distribution. With such tools it is
easy to note that

gµν,α =Θ(y)g
+
µν,α+Θ(−y)g

−
µν,α+ δ(y)[gµν]nα , (A.4)

and since the Christoffel symbols constructed with (A.4)
will generate products as Θ(y)δ(y), which is not well de-
fined as a distribution, one is forced to conclude that
[gµν ] = 0. This is the so-called Darmois condition. In this
appendix we use the compact notation A,µ =∇µA, A be-
ing any tensorial quantity.
Following this reasoning and supposing that the discon-

tinuity of gµν,α is directed along n
α by [gµν,α] = kµνnα, for

some tensor kµν , one finds that the left-hand side (the ge-
ometrical part) of the Einstein’s tensor can be decomposed
in a such way that its δ-function part (the part on the brane
itself) is given by [26]

1

2

(
kγµn

γnν+kγνn
γnµ−knµnν −kµν

−
(
kγσn

γnσ−k
)
gµν
)
≡ Sµν . (A.5)

Let us now look at the Brans–Dicke part of the decom-
position. Writing the scalar field as

φ=Θ(y)φ++Θ(−y)φ− , (A.6)

we have

φ,µ =Θ(y)φ
+
,µ+Θ(−y)φ

−
,µ+ δ(y)[φ]nµ . (A.7)

Since the Brans–Dicke equation is given by (9) one has to
impose continuity of the field across the brane, i.e., [φ] = 0,
in order to avoid Θ(y)δ(y) terms arising from the second
term of the right-hand side of (9), just as we did before.
This is the analogous to the Darmois junction condition in
the Brans–Dicke case.
To find another matching condition on the brane, which

involves the extrinsic curvature, we need to decompose
all terms of the right-hand side of (9) and equalize it to
Sµν (A.5). From (A.7) we have

φ,µ;ν =Θ(y)φ
+
,µ;ν +Θ(−y)φ

−
,µ;ν + δ(y)[φ,µ]nν , (A.8)

while the energy-momentum tensor is decomposed as

T totalµν =Θ(y)T+µν +Θ(−y)T
−
µν + δ(y)Tµν , (A.9)

where Tµν is the energy-momentum on the brane. Be-
fore substituting these factors into (9) we have to deal
with the scalar fields in the denominator. Note that in the
standard distributional decomposition it is not difficult to
see that

1

φ
=
Θ(y)

φ+
+
Θ(−y)

φ−
. (A.10)

The 1/φ2 factor obeys a similar splitting. So, after substi-
tuting all decompositions into (9) one finds that the δ-func-
tion part of the Brans–Dicke term is

8π

φ

(
Tµν −

gµν

3+2w
T

)
+
1

φ
[φ,µ]nν ≡ (BD)µν . (A.11)

ObviouslySµν = (BD)µν , and since Sµνn
ν = 0 (from (A.5))

we arrive at

[φ,µ] =
8π

3+2w
Tnµ , (A.12)

since the contraction Tµνn
ν is zero (because Tµν belongs

to the brane). Equation (A.12) is the analog of [gµν,α] =
kµνnα. Now substituting this result into (BD)µν we deter-
mine completely the δ-function term of the Brans–Dicke
equations, which is

(BD)µν =
8π

φ

(
Tµν − qµν

T

3+2w

)
. (A.13)

The Sµν term of Einstein’s equation can be related with
the jump of the extrinsic curvature across the hypersur-
face [26] by −([Kµν ]− [K]qµν); then, after all this, we have
the analog to the secondmatching condition for the Brans–
Dicke case given by

8π

φ

(
Tµν− qµν

T

3+2w

)
=−([Kµν ]− [K]qµν) . (A.14)

This expression was obtained within the brane-world con-
text. However, it is still valid for the usual four dimensions,
if the scalar field depends only on the transverse direction
to the hypersurface.We stress that, as expected, if φ= 1/G
and w→∞ the expression for the Israel matching condi-
tion in general relativity is recovered.
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